Abstract: In the present paper, preliminary results towards the generalization to the infinitedimensional setting of some finite-dimensional second-order sliding mode control algorithms are illustrated. The main focus of the present paper is on the rejection of non-vanishing external disturbances. The "Twisting" and "SuperTwisting" second-order sliding-mode control algorithms (see (Levant (1993) )) are properly generalized to address the state tracking problem for the wave and heat equations. Constructive proofs of stability are developed via Lyapunov functional technique, which leads to simple tuning rules for the controller parameters. Simulation results are discussed to verify the effectiveness of the proposed schemes.
INTRODUCTION
Sliding-mode control has long been recognized as a powerful control method to counteract non-vanishing external disturbances and unmodelled dynamics Utkin (1992) . On the other hand, many important systems and industrial processes, such as flexible manipulators and chemical reactors, are governed by partial differential equations and are often described by models with a significant degree of uncertainties. Therefore, significant interest has emerged in extending the discontinuous control methods to infinitedimensional systems. Presently, the discontinuous control synthesis in the infinite-dimensional setting is well documented (Levaggi (2002) ; Orlov and Utkin (1987) ; Orlov (2000) ; Orlov et al. (2004) ) and it is generally shown to retain the main robustness features as those possessed by its finite-dimensional counterpart.
Other robust control paradigms have been fruitfully applied in the infinite dimensional setting such as adaptive control (Krstic et al. (2008) ), H ∞ and LMI-based design (Fridman and Orlov (2009b) ). The recent book (Orlov (2009) ) presents an overview on existing results in the field of robust control for infinite dimensional systems.
In the present paper we describe appropriate infinitedimensional generalizations of the "Twisting" and "SuperTwisting" second-order sliding-mode (2-SM) controllers Levant (1993) ). The Lyapunov based analysis of the control systems in question, inspired by (Moreno et al. ⋆ The first author wishes to thank Consejo Nacional de Ciencia y Tecnologia de Mexico for financial support of his sabbatical stay at the University of Kent, UK, and University of Cagliari and Region of Sardinia for financial support of his sabbatical stay at University of Cagliari in the framework of the 2009/2010 Visiting Professor Program (2009)) as for the Super-Twisting 2-SMC, is presented. Noticeably, the "Distributed Super-Twisting" controller that will be designed along the paper leads to a control input that is a non-smooth but continuous function of the space and time variables while retaining similar properties of robustness as those featured by discontinuous sliding mode control techniques such as the distributed unit vector control (Orlov and Utkin (1987); Orlov (2000) ). The present paper surveys and summarizes some recent advances made by the authors in the area of SOSM control of heat and wave equations (see e.g. (Pisano et al. (2010) )).
The rest of the paper is outlined as follows. In the Section 2 the "Distributed Twisting" (DTW) control algorithm is developed to address the asymptotic state tracking control of the uncertain wave equation, and section 3 shows the relevant simulation results. In Section 4, the state tracking control problem for the heat equation is addressed. Section 4.1 introduces the "Distributed Super-Twisting" (DSTW) controller and shows that it can provide the asymptotic tracking control for the uncertain heat equation in spite of the presence of a class of persistent disturbances. Section 5 discusses the relevant simulation results and Section 6 gives some concluding remarks.
Notation:
The notation used throughout is fairly standard. L 2 (a, b), with a ≤ b, stands for the Hilbert space of square integrable functions z(ζ), ζ ∈ [a, b], with the corresponding norm
(1) W l,2 (a, b) stands for the Sobolev space of absolutely continuous scalar functions on [a, b] with square integrable derivatives of the order l ≥ 1.
PERTURBED WAVE EQUATION
We consider a class of uncertain infinite-dimensional systems, defined in a Hilbert space H = L 2 (0, 1) × L 2 (0, 1), governed by a perturbed version of the hyperbolic PDE commonly referred to as the "Wave Equation":
where ξ ∈ [0, 1] is the monodimensional (1-D) space variable, t > 0 is the time variable, and the state vector (y, y t ) ∈ H for any fixed t ≥ 0. The coefficient ν 2 ∈ R stands for the elasticity, u(·, t) is the modifiable source term (the distributed control input), and ψ(ξ, t) represents a distributed uncertain disturbance source term.
The initial conditions (ICs)
are assumed to meet the boundary conditions (BCs) imposed on the system. Throughout, we consider two types of boundary conditions, namely Neumann BCs
or Dirichlet BCs
In order to deal with strong, sufficiently smooth, solutions of the uncertain PDE (2)-(5) in the open-loop when no input u is applied, the uncertain term, that appears in the right hand side of (2), is additionally supposed to satisfy the following smoothness condition
and to meet as well the BCs imposed on the system. The control task is to make the scalar field y(ξ, t) to be equal to a given reference y r (ξ, t) which is required to be smooth enough and such that
Clearly, the reference y r (ξ, t) should be selected in accordance with the chosen BCs. The deviation variablẽ
will be eventually driven to zero by the designed controller. The dynamics of the error variable (8) is then:
where the associated BCs are homogeneous, either of the Neumann or Dirichlet type
The class of admissible disturbances is specified by the next Assumption 1 There exist a priori known constant M 1 such that the following relationship holds uniformly in time
Robust control of the wave equation
Assume that the state vector (y, y t ) is available for measurements. Then the error stateỹ(ξ, t) and its time derivativeỹ t (ξ, t) are also available for feedback. In order to stabilize the uncertain dynamics (ỹ,ỹ t ), the following dynamical distributed controller is proposed
Controller (13) can be viewed as a distributed feed-forward control signal plus a distributed version of the finitedimensional "Twisting" 2-SM controller, and it is further referred to as the Distributed Twisting (DTW) controller.
The precise meaning of the solutions of (2)- (4) (or (5) instead of (4)), for inputs which are only piece-wise continuously differentiable, can defined in the generalized sense of Orlov (2009) as a limiting result obtained through a regularization procedure, similar to that proposed for finite-dimensional systems. According to this procedure, the strong solutions of the boundary-value problem are only considered whenever they are beyond the discontinuity manifoldsỹ = 0 andỹ t = 0 whereas in a vicinity of these manifolds the original system is replaced by a related system, which takes into account all possible imperfections in the new input function u δ (y) (e.g., delay, hysteresis, saturation, etc.) and for which there exists a strong solution. A generalized solution of the system in question is then obtained by making the characteristics of the new system approach those of the original one. As in the finite-dimensional case, a motion along the discontinuity manifold is referred to as a "sliding mode".
The asymptotic stability of the generalized solutions of the perturbed wave equation (2)-(4) subject to the control strategy (13), (8) is demonstrated in the next theorem. (6), and with the uncertain disturbance satisfying the Assumption 1. Consider the reference profile y r (ξ, t), subject to the restrictions (7), and the associated error variable (8) . Then, the distributed control strategy (13) with the parameters λ 1 and λ 2 such that
Theorem 1 Consider the perturbed wave equation (2)-(3) along with the initial and boundary conditions (3) and (4) (or (5)) fulfilling the conditions
guarantees the asymptotic stability of the error dynamics (9).
Proof of Theorem 1 In order to simplify the notation, the dependence of the system signals from the space and time variables (ξ, t) will be omitted. Let us refer to the error dynamics (9) along with the boundary conditions (10) or (11), and consider the following Lyapunov functional
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The time derivative ofṼ is given bẏ
By evaluating the time derivative (16) along the solutions of the error system (9), (13), it turns out thaṫ
The last two terms in the right hand side of (17) cancel each other by integrating one of them by parts and taking into account the homogeneous boundary conditions (10) (or (11)), which leads to the simplified form forV (t):
From the Hölder integral inequality (see Abramowitz et al. (1968) ), and taking into account (12), it yields
Then by (18) and (19) it follows thaṫ
which implies that the Lyapunov functional V (t) is a nonincreasing function of time, i.e.
Clearly, by virtue of (21), taking any R ≥ V (0) the resulting domain D R will be invariant for the error system trajectories. Thus the next analyses will take into account that the states (ỹ,ỹ t ) belong to the domain D R starting from the initial time t = 0 on. Note that the knowledge of the constant R is not required.
We now demonstrate a simple corollary that will be used along the proof. 
Proof Condition (23) follows from the trivial chain of implications
It can be written that
By applying the well-known inequality ab ≥ −
Being coupled together, (25) and (26) immediately result in (24), which proves the Corollary. Now consider the "augmented" functional
where κ R is a positive constant. In light of the Corollary 1, function V R (t) can be estimated as
If coefficient κ R is small enough according to
then the augmented functional (27) is positive definite within the invariant domain D R , and it can be then used as a Lyapunov functional to analyze the stability of the error dynamics. Let us compute the time derivative of V R (t) along the trajectories of the error system (9)-(13). After some manipulationV R can be computed aṡ
After that, let us compute upperbounds to the signindefinite terms of (30). Equation (19) was previously derived, which can be rewritten in a similar form with the signalỹ replacingỹ t :
Then, it follows from (30)-(32) thaṫ
Therefore, employing the parameter tuning conditions (14) and introducing one more restriction
about the coefficient κ R beyond (29), it readily follows that all terms appearing in the right-hand side of (33) are negative definite. By standard application of Barbalat Lemma it follows the convergence of ỹ and ỹ t to zero as t → ∞. The proof is thus completed.
SIMULATION RESULTS -WAVE EQUATION
Consider the perturbed wave equation (2) with homogeneous Neumann-type BCs as in (10). The elasticity parameter is set to ν 2 = 1. A constant reference trajectory has been considered in the form y r (ξ, t) = y * r = 20. The initial conditions are set as y(ξ, 0) = cos(2πξ), y t (ξ, 0) = 0.
A space-and time-varying perturbation is considered in the form
Its 2-norm bound M , which is involved in the controller tuning inequalities (14), is given by M = 100 √ 2
. Then the controller gains can be set as
Figure 1 reports a graph of the attained solution.
PERTURBED HEAT EQUATION
Consider the space-and time-varying scalar field Q(ξ, t) evolving in a Hilbert space H = L 2 (0, 1), where ξ ∈ [0, 1] is the monodimensional (1D) space variable and t > 0 is time. Let it be governed by the following parabolic PDE which is commonly referred to as the "Heat Equation":
where θ 1 ia a positive coefficient called thermal conductivity (or, more generally, diffusivity), u(ξ, t) is the modifiable source term (the distributed control input), and ψ(ξ, t) 
We consider two types of boundary conditions (BCs), namely homogenous Neumann BCs or Dirichlet BCs
In order to deal with strong, sufficiently smooth solutions of the uncertain PDE (37)- (39) (or (40)) in the openloop when neither control input nor external disturbance is applied the initial function ω 0 (ξ) is assumed to meet the corresponding BCs, and along with the functions involved in the BCs, it is supposed to be smooth enough, i.e., ω 0 (ξ) ∈ W 2,2 (0, 1),
The control task is to make the scalar field Q(ξ, t) equal to a given reference Q r (ξ, t) such that
Clearly, the reference Q r should also be selected in accordance with the chosen BCs. The deviation variable
will be driven to zero by the designed feedback control schemes.
Robust control of the heat equation
The perturbed diffusion equation (37), including the uncertain disturbance field ψ(ξ, t), is now considered. The class of admissible disturbances is specified by the following restrictions:
Assumption 2 There exist a priori known constants M and M ξ such that the following restrictions hold uniformly beyond the origin x(·, t) 2 = 0 in the state space L 2 (0, 1):
Comment on Assumption 2 Restriction (45) determines a region of admissible disturbance ψ in terms of a state-dependent constraint on its time derivative ψ t . With this interpretation, an admissible disturbance has a time derivative which is not necessarily vanishing as x(·, t) 2 → 0 because the norm of the right-hand side of the disturbance restriction (45) remains unit (indeed, |x(·,t)| x(·,t) 2 2 = 1). Particularly, a finite-dimensional counterpart of (45) would not impose any further restrictions on admissible disturbances in addition to the norm boundedness (44). It worth noticing, however, that in the adopted infinite-dimensional treatment, the disturbance restriction (45) plays an important role and it cannot be skipped anymore.
The dynamics of the error variable (43) are
In order to stabilize the error dynamics it is proposed a dynamical distributed controller defined as follows
which can be understood as feed-forward control action (depending on the known reference Q r ) plus a distributed version of the finite-dimensional "Super-Twisting" secondorder sliding-mode controller Levant (1993) . The solution concept of the perturbed diffusion equation (37)- (39) subject to the discontinuous control strategy (47)-(48) is defined in the same generalized sense as that of the uncertain wave PDE (2)-(4) Orlov (2009) . The performance of the closed-loop system is analyzed in the next theorem.
Theorem 2 Consider the perturbed diffusion equation (37)-(39) (or (40) instead of (39)) with the uncertain disturbance satisfying the Assumption 2. Then, the distributed control strategy (47)- (48) with the parameters λ 1 , λ 2 , W 1 and W 2 selected according to
guarantees the asymptotic attainment of condition x(·, t) 2 = 0, where x(·, t) = x(ξ, t) is the error variable defined in (43).
Proof of Theorem 2 Let us define the auxiliary variable δ(ξ, t) = v(ξ, t) + ψ(ξ, t)
System (46) with the control law (47)-(48) yields the following closed-loop dynamics
Consider the following Lyapunov functional
with
Note that the above defined variable s coincides with the right hand side of (51), namely it coincides with the time derivative x t . After simple manipulations, the time derivative of s can be expressed as
After some manipulations, the time derivative of V 2 can be rewritten in the forṁ
Noticing that, from (54)
then (56) can be further manipulated aṡ
It is worth noting that all integral terms appearing in (59) are negative definite except those depending on the disturbance term ψ t . It shall be also noted that only the time derivative ψ t of the original disturbance ψ affects the right hand side of (59) which means that no direct restrictions on ψ will be required, which is according to the Assumption 2.
Clearly, the disturbance-depending terms appearing in (59) are sign-indefinite. Some upper bounds to those terms are now derived by simple application of the Hölder and Minkowski integral inequalities (Abramowitz et al. (1968) ), by considering the Assumption 2, and by exploiting the known inequality x 2 ≤ x ξ 2 (Wang (1994)):
By virtue of Assumption 2, and taking into account the tuning conditions (49), all integral terms in the right hand side of (63) are negative definite.
This concludes the proof.
SIMULATION RESULTS -HEAT EQUATION
Consider the perturbed heat equation (37) with homogeneous Neumann-type BCs. Let us assign the unit value to the thermal conductivity parameter θ 1 . A constant reference trajectory Q r = 20 has been considered. The initial conditions are set as Q(ξ, 0) = cos(2πξ).
Let us consider the distributed dynamical controller (47)-(48) along with the time and space-varying, disturbance ψ(ξ, t) = 100sen(2πξ)sin(2πt). Controller (47)-(48) has been simulated using the parameters λ 1 = λ 2 = 200, W 1 = W 2 = 100. The solution is reported in the Figure 2 -left. Figure 2 -right depicts the control input u(ξ, t), which is a smooth function of both time and space, as expected.
CONCLUSION
The so-called Twisting and Super-Twisting second-order sliding-mode control algorithms are extended to asymptotically stabilize, respectively, the uncertain wave and heat equations under Dirichlet and Neumann boundary conditions. The proposed infinite-dimensional treatment retains the main robustness features against non-vanishing disturbances similar to those possessed by its finite-dimensional counterpart. Although the present investigation is confined to the case where distributed sensing and actuation are available, the extension to point-wise and, particularly, boundary sensing and actuation appears to be possible. This, however, calls for further investigation.
